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Abstract
A T-shape is a tree with exactly one of its vertices having maximal degree 3. It is proved in this paper
that the T-shape tree is determined by its Laplacian spectrum.
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1. Introduction
Let G = (V (G),E(G)) be a simple graph with vertex set V (G) and edge set E(G). Let
A(G) be the (0,1)-adjacency matrix of graph G. The Laplacian matrix of G is defined to be
D(G) − A(G), where D(G) = diag(d1(G), d2(G), . . . , dn(G)) with di(G) being the degree of
the ith vertex of G. The adjacency spectrum (or Laplacian spectrum) of G consists of all the eigen-
values (together with their multiplicities) of matrix A(G) (or D(G) − A(G)). Since both matrices
A(G) andD(G) − A(G) are real symmetric, their eigenvalues are all real numbers. We can assume
that λ1  λ2  · · ·  λn and µ1  µ2  · · ·  µn = 0 are the adjacency eigenvalues and the
Laplacian eigenvalues of graph G, respectively. In what follows, φ(G; λ) = det(λI − A(G)) and
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χ(G;µ) = det(µI − (D(G) − A(G))) will be used to denote the characteristic polynomial of G
w.r.t. the adjacency matrix and the Laplacian matrix, respectively.
What kinds of graphs are determined by their spectrum seems to be a difficult problem in the
theory of graph spectra. For the background and some known results about this problem, we refer
the reader to [2] and the references therein.
In this note, we consider the above problem for a class of trees. A tree is starlike if exactly
one of its vertices has degree larger than 2, and T-shape if it is starlike with maximal degree
3. We will denote by T (l1, l2, l3) (assume l1  l2  l3 without loss of generality in the sequel)
the unique T-shape tree such that T (l1, l2, l3) − v = Pl1 ∪ Pl2 ∪ Pl3 , where Pli is the path on li
vertices (i = 1, 2, 3), and v the vertex of degree 3.
It was proved by Shen et al. [5] that Zn (= T (1, 1, n − 1)) and some graphs related to Zn
are determined by their adjacency spectrum as well as their Laplacian spectrum. More recently,
the authors [6] showed that T (l1, l2, l3) is determined by its adjacency spectrum iff (l1, l2, l3) /=
(l, l, 2l − 2) for any integer l  2. In this note, we prove the following theorem:
Theorem 1.1. The T-shape tree T (l1, l2, l3) is uniquely determined by its Laplacian spectrum.
2. Proof of Theorem 1.1
Before presenting the proof to Theorem 1.1, we need the following lemmas:
Lemma 2.1 [1]. Let G be a graph with n vertices and m edges, and d = (d1, d2, . . . , dn)
its non-increasing degree sequence. Let the characteristic polynomial of the Laplacian ma-
trix of G be χ(G;µ) = q0λn + q1λn−1 + · · · + qn. Then q0 = 1; q1 = −2m; q2 = 2m2 − m −
1
2
∑n
i=1 d2i ; qn−1 = (−1)n−1ntn(G); qn = 0; where tn(G) is the number of spanning trees in G.
It follows immediately from Lemma 2.1 that the number of vertices, edges and the spanning trees
of graph G can be deduced from its Laplacian spectrum.
The line graph L(G) of graph G is a graph whose vertices corresponding the edges of G, and
where two vertices are adjacent iff the corresponding edges of G are adjacent.
Lemma 2.2 [3]. If L(G) ∼= L(H) with {G,H } /= {K3,K1,3}, then G ∼= H.
Lemma 2.3 [4]. Let G be a bipartite graph on n vertices. Then µi(G) = λi(L(G)) + 2, for
i = 1, 2, . . . , n − 1.
Lemma 2.4 [1]. Let G be the graph obtained from the disjoint union H1 ∪ H2 by adding an edge
v1v2 joining the vertex v1 of H1 and v2 of H2, then
φ(G; λ) = φ(H1; λ)φ(H2; λ) − φ(H1 − v1; λ)φ(H2 − v2; λ),
where Hi − vi denotes the graph obtained from Hi by deleting the vertex vi and the edges incident
to it (i = 1, 2).
Lemma 2.5 [1]. Let Pn denote the path on n vertices. Then
φ(Pn; λ) =
n∏
j=1
(
λ − 2 cos j
n + 1
)
= sin((n + 1) arccos λ/2)
sin(arccos λ/2)
.
80 W. Wang, C.-X. Xu / Linear Algebra and its Applications 419 (2006) 78–81
Let λ = 2 cos θ , set t1/2 = eiθ , it is useful to write the characteristic polynomial of Pn in the
following form:
φ
(
Pn, t
1/2 + t−1/2) = t−n/2(tn+1 − 1)/(t − 1). (1)
The following lemma is a key to the proof of Theorem 1.1.
Lemma 2.6. Denote by D(k, l,m) the graph obtained from K3 by adding to each vertex a pendent
path of length k, l and m respectively. Then no two non-isomorphic graphs D(k, l,m) have the
same adjacency spectrum.
Proof. Suppose that graph G1 = D(k1, k2, k3) (k1  k2  k3) and graph G2 = D(m1,m2,m3)
(m1  m2  m3) have the same adjacency spectrum, we show that G1 and G2 are isomorphic.
By Lemma 2.4, the characteristic polynomial of G1 can be computed recursively as follows:
φ(G1; λ) = φ(Pk1)φ(Pk2)φ(Pk3)
×
(
φ(K3) − φ(K2)
(
φ(Pk1−1)
φ(Pk1)
+ φ(Pk2−1)
φ(Pk2)
+ φ(Pk3−1)
φ(Pk3)
))
+ φ(Pk1−1)φ(Pk2−1)φ(Pk3−1)
×
(
λ
(
φ(Pk1)
φ(Pk1−1)
+ φ(Pk2)
φ(Pk2−1)
+ φ(Pk3)
φ(Pk3−1)
)
− 1
)
.
According to Eq. (1), it can be computed by using Mathematica 5.0 that
φ
(
G1; t1/2 + t−1/2
)
t (k1+k2+k3+3)/2(t − 1)3 = ψ1(t) + ψ2(t) + ψ3(t) + ψ4(t), (2)
where
ψ1(t) = −1 + 3t + 2t3/2;
ψ2(t) = −
(
tk1 + tk2 + tk3)(t2 + 2t5/2 + t3);
ψ3(t) =
(
tk1+k2 + tk1+k3 + tk2+k3)(t3 + 2t7/2 + t4);
ψ4(t) = tk1+k2+k3(−2t9/2 − 3t5 + t6).
Similarly, we obtain
φ
(
G2; t1/2 + t−1/2
)
t (m1+m2+m3+3)/2(t − 1)3 = ψ1(t) + ϕ2(t) + ϕ3(t) + ϕ4(t), (3)
where ϕ2(t), ϕ3(t) and ϕ4(t) are obtained from ψ2(t), ψ3(t) and ψ4(t) by replacing the parameters
k1, k2 and k3 with m1,m2 and m3 respectively.
Note that
m1 + m2 + m3 = k1 + k2 + k3. (4)
Comparing Eqs. (2) and (3) generates
ψ2(t) + ψ3(t) = ϕ2(t) + ϕ3(t). (5)
From Eq. (5) we get
tk1 + tk2 + tk3 − t(tk1+k2 + tk1+k3 + tk2+k3)
= tm1 + tm2 + tm3 − t(tm1+m2 + tm1+m3 + tm2+m3). (6)
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Note that the lowest term of the left side and that of the right side of equation (6) are tk1 and
tm1 , respectively. So we have k1 = m1. Remove the identical terms from both sides of Eq. (6),
then comparing the lowest term of both sides of Eq. (6) gives k2 = m2. Moreover, it follows from
Eq. (4) that k3 = m3. Thus, G1 and G2 are isomorphic. The proof is complete. 
Proof of Theorem 1.1. Let G = T (l1, l2, l3) on n (= l1 + l2 + l3 + 1) vertices. Let H be any
graph that is cospectral with G w.r.t. the Laplacian spectrum. We prove that H must be isomorphic
to G.
By Lemma 2.1, since H and G have the same characteristic polynomial of Laplacian matrix,
they have the same number of edges and spanning trees. It follows that H is a tree.
According to Lemma 2.1, we have
n∑
i=1
d2i =
n∑
i=1
d ′2i , (7)
where (d1, d2, . . . , dn) and (d ′1, d ′2, . . . , d ′n) are the non-increasing degree sequences of G and H,
respectively. Moreover, it is clear that
n∑
i=1
di =
n∑
i=1
d ′i . (8)
Note that (d1, d2, . . . , dn) = (3, 2, . . . , 2, 1, 1, 1). By Eqs. (7) and (8) we have
n∑
i=1
(d ′i − 2)2 = 4,
n∑
i=1
(d ′i − 2) = −1. (9)
Solving the systems of Diophantine equations above in variables d ′i − 2 gives that the sub-
set of nonzero elements of the set {d ′i − 2|i = 1, 2, . . . , n} is {−1,−1,−1, 1}. It follows that
(d ′1 − 2, d ′2 − 2, . . . , d ′n − 2) = (1, 0, 0, . . . , 0,−1,−1,−1), i.e., (d ′1, d ′2, . . . , d ′n) = (3, 2, . . . ,
2, 1, 1, 1). Thus, H has the same degree sequence as G, and hence H is a T-shape tree.
According to Lemma 2.3, L(G) and L(H) are cospectral w.r.t. the adjacency spectrum. Note
that L(G) and L(H) are graphs like D(k, l,m). It follows from Lemma 2.6 that L(G) ∼= L(H),
and hence the conclusion that H is isomorphic to G follows from Lemma 2.2. This completes the
proof. 
References
[1] D.M. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs, Academic Press, New York, 1982.
[2] E.R. van Dam, W.H. Haemers, Which graphs are determined by their spectrum? Linear Algebra Appl. 373 (2003)
241–272.
[3] C. Godsil, G. Royle, Algebraic Graph Theory, Springer-Verlag, New York, 2001.
[4] M. Doob, Eigenvalues of graphs, in: L.W. Beineke, R.J. Wilson (Eds.), Topics in Algebraic Graph Theory, Cambridge
University Press, 2005.
[5] X.L. Shen, Y.P. Hou, Y.P. Zhang, Graph Zn and some graphs related to Zn are determined by their spectrum, Linear
Algebra Appl. 404 (2005) 58–68.
[6] W. Wang, C.X. Xu, On the spectral characerization of T-shape trees, Linear Algebra Appl. 414 (2006) 492–501.
